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(ai)i=1,...,N

T¨e`beOe_P N∑
i=1
ωiJ (x, W (x, ai)) x ∈ <
n
N∑
i=1
ωi = 1,
WIaNZmoP_|\7\^l
C(x, W (x, ai)) ≤ 0 i = 1, . . . , N.
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(ai)i=1,...,N
e`wie¥iP `ªe`i\fP df¥wn
[amin, amax]
¢¯lid{P_wi|%Lª| li[]\{¢¯ab`N|\^ely`
P_¥³wyaw\^ely`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| ly`Nzbe \feli`N[   `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(ωi)i=1,...,N
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x
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ã(x)
d^P_xbd^P}[]P_`<\f[ \^LbPlixP_dfwn\^e`bª|ly`zZe \feli`N[¢¯lyd7LNe|%L\^LNP:|li[]\
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[amin, amax]

Twn²ZeOe P
J (x, W (x, a)) a ∈ [amin, amax],WIaNZmoP_|\7\^l
C(x, W (x, a)) ≤ 0.
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KLbP)| lydfd^P}[]xJly`zZe`Nr|l<[o\7¢¯aN`N|°\feli`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Jmax(x) = J (x, W (x, ã(x))).
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Te`beOe_P
Jmax(x) x ∈ <
n.
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Tw²ZeOe P
J (x, W (x, ai)) i = 1, . . . , N,WIabZmoP}|°\7\^l
C(x, W (x, ai)) ≤ 0,
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(ai)i=1,...,N
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â(x)
wy`Nz
ã(x)
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Twn²ZeOe P
J (x, W (x, a)) a ∈ [amin, amax],WIaNZmoP_|\7\^l
C(x, W (x, a)) ≤ 0;
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T¨e`beOe P
J (x, W (x, a)) a ∈ [amin, amax],WIabZmoP}|°\7\fl
C(x, W (x, a)) ≤ 0.
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Jmin(x) = J (x, W (x, â(x))) Jmax(x) = J (x, W (x, ã(x))).
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KLbP_`®Z\fLbP#\o ly¬EliZmoP_|\^e¥yP#[]LwnxJPlixZ\^eOe}w\feli`xbdflyNP_O·e[S[]li¥iP_z
T¨e`beOe P { (Jmax(x) + Jmin(x)) /2
(Jmax(x)−Jmin(x))
x ∈ <n.
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eh[)`bly\|li`N|P_e¥wnNPxbdfP_[^P `<\fYiQ{P_¥yP_d]\fLbP P_[f[ w¨|%LbP_wyxP_dwnxbxNd^l³²ZeOwn\^ely`
J̃
ln¢\^LbP|li[]\¢¯ab`N|\^ely` |_wn`¤Pa[]P}z¤e` w
T¨li`<\^P¬]µ"wndflwyxbxbdfliwy|%L:\^lP_[]\^eOw\fP \fLbPOP_wy`ªwy`Nz
\^LbP¥wndfehwn`N| PyZwy[7[^abyiP_[]\^P}z
e`$ i 
M̃J =
1
N
N∑
i=1
J̃ (x, ai),
o#V 

S̃2J =
1
N − 1
N∑
i=1
(J̃ (x, ai)− M̃J)
2.
@y 
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7!$ 7
6!'
 Sxbxbdfl³²IeOw\fP±\fLbP{|l<[o\¢¯ab`N|\^ely`e[Owy`Nzbw\flydfY#¢¯lyddflybaN[]\kzZP_[^ey`®ywi[DP²Zxbhwne`bP_zwnJl¥yPi³\^l#e`<\fP yd%w\fP±\fLbP7|l<[o\¢¯ab`N|\^ely`
l¥iP d\^LNP{dfwy`byPly¢JlixP_dfwn\^e`b|ly`zZe \feli`N[lid\^l)P}[o\feOw\fP\^LbP [o\%w\^eh[]\^eh| wn|%LNwnd%wy|\^P dfeh[o\fe|_[a[]e`bwT¨ly`<\fP¬]µ"wndfl#OP\fLblZz 
K lxJli[f[]ebee\^eP_[SwndfP P ²ZwyOe`bP}z
e`\^LbP`NP²I\S[]P}|°\feli`N[KDw³YIlid7WZP dfeP}[ÇK{W7
"lid{v{wyzZehwnXWwi[]eh[ Ybab`N|\^ely`N[ Çv W YN[
°
M  M C   º % ½  ¹ RG ¹ rP+PD ½ G  Z#G ½ F
KLbP:| li[]\¢¯ab`N|\^ely` | wy`+JP
wyxbxbdfl³²IeOw\fP_zIY+e`bP_wyd)K{W
J̃L
lyd)g<aNwyzbdfwn\^eh|K{W
J̃Q
e`\^LbP
¥<eh|e`be\oYln¢"\^LNP:P²ZxJP_|°\fP_z
lixP_dfwn\^e`b|ly`zZe \feli`N[
µA

J̃L(x, a) = J (x, W (x, µA)) +
M∑
m=1
∂
∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
(am − µmA ),
@b

J̃Q(x, a) = J (x, W (x, µA))+
M∑
m=1
∂
∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
(am − µmA )
+
1
2
M∑
m=1
L∑
l=1
∂2
∂Am∂Al
J (x, W (x,A))
∣∣∣∣
µ
A
(am − µmA )(a
l − µlA).
@i 

KLbPa[]P#ln¢D\^LNPe`bP_wyd7wnxbxbdfl³²ZeOwn\^ely`$EZ
"ly¢\fLbP|l<[o\7¢¯ab`|°\^ely`\flP}[o\feOwn\^P\^LbPe`<\^P_yd%wn oRJ 
"YIeP_zN[7wYDedf[]\]¬  d%zZP d
Y  
kwyxbxbdfl³²ZeOw\feli`ln¢>\^LbP[o\%w\fe[]\^eh| wyOP_wy`®KLbe["wnxNxbd^l<wy|%Leh[k§I`bl7`:wy[k\^LbP YDed%[o\^¬  d%zZP_d YDed%[o\^¬­TlyOP `<\(Y  YT3

OP\fLblZz
(µ̃J )
FO = J (x, W (x, µA)).
@y 

KLbPaN[^PSly¢ \^LbPe`bP}wnd wyxbxbdfl³²ZeOw\feli` @Z 
ly¢®\^LbP|l<[o\ ¢¯ab`N|°\feli`:\flP_[]\^eOw\fP{\^LNP e`<\^P idfwy ]_ 
±xbdfl¥<ehzZP}[kwNd%[]\]¬­lyd%zZP d
wyxbxbdfl³²IeOw\feli`
ln¢\^LbP¥wyd^ehwn`N| PyZYIeP hzZe`Nr\fLbP YDed%[]\]¬  dfzZP_d{WIP_| ly`NzI¬¶T¨liOP_`<\Y  WZT3
"OP \^LblZz
(σ̃2J )
FO =
M∑
m=1
(
∂
∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
)2
(σmA )
2.
@n!

 S \fP df`Nw\fe¥iP Yyk\fLbPªaN[^Ply¢S\^LNPªg<aNwizZd%w\^eh|wnxbxbdfl³²ZeOwn\^ely` Ey 
rln¢ \^LbP¨| li[]\r¢¯ab`|°\^ely` YIeP_zN[wWIP}|li`NzI¬  dfzZP_d EW  

wyxbxbdfl³²IeOw\feli`
ln¢\^LbPOP}wn`®kKLbPWZP_|li`NzI¬  dfzbP d Yed%[o\^¬­T¨liOP `<\@W  YT3
"OP\fLblZzd^P}wyzb[
(µ̃J )
SO = J (x, W (x, µA)) +
1
2
M∑
m=1
∂2
∂Am∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
(σmA )
2.
@ J 

 ¢\^LbPg<aNwyzZd%w\fe|±wnxbxbdfl³²ZeOwn\^ely` @i 
ln¢Z\fLbP7|li[]\2¢¯aN`N|°\feli`eh[P_OxblYiP_z#\flSP}[o\feOw\fP±\fLbP"¥³wyd^ehwn`|Pyw{¢ÇwndOlydfP |liOxbP ²
¢¯lid^Orabwreh[lyZ\%wne`bP_z <\fLNw\7dfP_g<abed^P}[±\fLbP\^Lbed%zwy`Nz¢¯lid]\fLOlyOP_`i\%["ln¢
A
kKLbP `2I\^LbP)WIP}|ly`zI¬  d%zZP_dWIP}|li`NzI¬¶T¨lyOP `<\
EW  WZT3
DOP\fLblZzaN[^aNwnYd^P_eP_[li`\fLbP7e`<\fP yd%w\feli`ly¢ ]_ 
DaN[^e`b\^LbP7e`NP_wndkwyxbxbdfl³²ZeOw\feli` EZ
Dly¢\fLbP{|l<[o\¢¯ab`N|\^ely`
wy`Nz\^LbP)[^P_| ly`NzI¬­lyd%zZP_d P}[o\feOw\feli`ly¢\fLbPOP_wy`4E@J 
b7Lbeh|%LYIeP hzb[
(σ̃2J )
SO =
M∑
m=1
(
∂
∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
)2
(σmA )
2+
1
4
M∑
m=1
L∑
l=1
∂2
∂Am∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
∂2
∂Al∂Al
J (x, W (x,A))
∣∣∣∣
µ
A
(σmA )
2 (σlA)
2.
@y 

5Sl P_¥yP d}be¢kly`bPr[]abxNxl<[]P}[7\^Lw\
A
e[Sd^aNP}zª<Yªw10#wyaN[^[^ehwn`¨j  Y"N\fLbPrg<aNwizZdfwn\^eh|)wnxNxbd^l³²ZeOw\^ely`@i 
{|_wn`¨JPP}wy[^eY
P_OxNlYiP_ze`¨|li`moab`N|\^ely`7e \fL\^LbP)[^P_| ly`NzI¬­lyd%zZP_d P}[o\feOw\feli`ªln¢2\fLbPOP_wy`E@J 
kKLbP `2Z\^LbPW  WZT OP \^LblZzd^P}wyzb[
(σ̃2J )
SO =
M∑
m=1
(
∂
∂Am
J (x, W (x,A))
∣∣∣∣
µ
A
)2
(σmA )
2+
1
2
M∑
m=1
L∑
l=1
(
∂2
∂Am∂Al
J (x, W (x,A))
∣∣∣∣
µ
A
)2
(σmA )
2 (σlA)
2.
@< 
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  [:| wy` JP[]P_P `® ¢¯lyd\fLbP Y  YTXOP\fLblZz En 
"\^LbP¨OP_wy` ly¢ \fLbP|l<[o\¢¯ab`|°\^ely` eh[:[^eOxbY«\^LNP|li[]\¢¯ab`N|\^ely`
P_¥³wyaw\^P}zwn\\fLbPOP_wn`+¥wnabPrly¢ lixP_dfwn\^e`b| ly`NzZe\^ely`[ KLNe[wi[^[^abOxZ\^ely`+e[li`bYª\fd^aNP¢¯lide`bP_wyd#[^YZ[o\fP O[_  `\fLbP
W  YT OP \^LblZz$@@J 
°Zwr| lydfd^P}|°\feli`r\fP dfOe["wyzNzZP_z\fLNw\aN[^P_[±\^LbP#[^P_|li`Nz:zZP_d^e¥w\fe¥iP_[kly¢®\^LNP| li[]\±¢¯ab`N|\^ely`®QSln\^P \^Lw\
\fLbP df[]\#zbP dfe¥w\fe¥iP_[ LNw³¥yP`ble`#NaNP `N| Prli`¨\^LbPOP_wy`¥wnabPly¢k\^LNP| li[]\S¢¯ab`N|\^ely`®)KLNPrP}[o\feOw\feli`ly¢\^LbP¥wndfewy`N|P
dfP_g<abed^P}[D\^LbP&df[]\±zZP dfe¥³wn\^e¥yP}[e`\^LNP Y  WZT¦OP\fLblZz @!
wn`Nzr\fLbP{[]P}|li`NzzZP dfe¥wn\^e¥yP_[e`\^LbPSW  WZT¦OP \^LblZz En³¬oi/

  xJlyYI`blyOehwn±wyxbxbdfl³²IeOw\feli`ln¢"\^LNP
|l<[o\#¢¯ab`N|\^ely` |_wn`«wnh[]lªJP:lyb\fwne`bP}zaN[^e`bw ®P}wy[]\]¬oWZg<aNwndfP_[% DW7
 b\^\^e`b
wyxbxbdfliwy|%L2ie`N[]\^P_wizln¢aN[]e`bK{W¢¯dflyO \^LNP `bliOe`Nwy>lyxJP d%w\^e`b|ly`zZe \feli`N[_  `
\^LNwn\7|_wy[^Py<`blzZP dfe¥wn\^e¥yP_[ wndfPSdfP_g<abed^P}z 
bab\
[]P_¥yP d%wn{µ Y (wn`wnYI[^P_[rOa[o\:JPªxP_d]¢¯lid^OP_z® T¨lid^P_l¥yP_d_\fLbP¨|li[]\¢¯ab`N|\^ely` ¥³wyaNPªwn\\^LbP¨`bliOe`NwylyxJP d%w\^e`b
| ly`NzZe\^ely`[lyZ\%wne`bP_zIYµ Y ~eh[7aN[^aNwnYzZe  >P dfP `<\¢¯dflyO\fLbPly`bPxNd^P}zZe|\^P}z
IYDW N\]\^e`b
KLbP=Y  WbTOP\fLblZzwy[wnxbxNeP_z\^lab`N| P d^\fwne`<\oYªxbd^lixNwn<w\feli`¨e`¤wnP_d^lZzZYI`NwyOeh| [Se` _Z <I i ­µ lyOxNwyd^eh[^ly`N[
JP\o"P P_` Y  WZTVwy`NzªW  WZT OP\^LNlIzN[7wndfP xbdfl¥IezbP_z:e` < ­±WIlyOP#d^libaN[]\"lixZ\^eOe}w\feli`xbdflyNP_O[e`ªwnP dflZzZYI`NwnOeh| [
LNw³¥iP JP P_`wizbzZdfP_[f[]P}z:aN[^e`b\fLbP Y  WZTVlyd{W  WbT OP\fLblZzb["\^l[^ly¥yP \^LbP#xbdflybP O ]y 
(@T  | d^e\^P_d^ely` 
  n ®lid \fLbP
\o"ln¬­lyZmoP}|°\fe¥iP xbdflyNP_O o³ 
  I­
M  M  M  b¾+GÇ % bG@  F yG ½ F 
v{wizZehwn7Wwy[^e[ YNab`N|°\feli`N[	Çv W Y[ 
#wyd^P`bli`Z¬ExJlyYI`blyOehwnDe`<\fP dfxliwn\^ely`OP \^LblZzb[#¢¯lid[^|_w\]\fP dfP_z+zbw\%w$ y/EKLbP YLNw³¥yP
JP P_`¨¢¯lyab`z\^l:JP¥iP dfYwy|_|abd%w\fP#¢¯lyd{LNeiLbY`bli`Z¬Ee`bP_wydSzbw\%we`¨LbeiLzZeOP_`N[^eli`   E{v W Y[S[^P P §wn`wyxbxbdfl³²IeOw\feli`
ly¢\fLbP)|l<[o\¢¯ab`N|\^ely`ªln¢D\^LNP ¢¯lid^O 
J̃RBF (x, a) =
Nc∑
j=1
ωj(x) φ(‖a− aj‖),
@@L 

7LbP_d^P
(aj)j=1,...,Nc
wndfP{| wyP_zv W YN[ |P_`i\fP d%[ WIP_¥yP d%wnZd%wyzbewyZ¢¯ab`N|\^ely`N[
φ
|_wn`JPS|li`N[]ehzZP_d^P}z YNlydk\fLbP{xbdfP_[^P `<\±[]\^aNzbY
w 0#wyaN[^[^ehwn`:¢¯aN`N|°\feli`eh[7P_OxNlYiP_z
φ(r) = e−
r2
s2 ,
@@V 

7LbP_d^P
s
eh[7wxwnd%wnOP\fP d| wnP_zw\]\fP `IaNwn\^ely`:¢Çwi|°\flyd}WIaNxbxl<[]P\fLNw\\^LNP#| li[]\ ¢¯aN`N|°\feli`¥wyabPeh[§<`Nl7`:¢¯lyd7w[]P \7ln¢
NclixP_dfwn\^e`b| ly`NzZe\^ely`[{\fLNw\#|lydfdfP_[^xli`Nz\^l\^LbPv W Y |P_`i\fP d%[
(ai)i=1,...,Nc
KLbP `®>\fLbP"P eyL<\%[
(ωj(x))j=1,...,Nc
wyd^P
zZP \^P_d^Oe`bP_z¢¯dflyO\fLbPe`<\fP dfxliwn\^ely`ª|ly`zZe \feli`N[
J (x, W (x, ai)) =
Nc∑
j=1
ωj(x) φ(‖ai − aj‖) i = 1, . . . , Nc.
Çi 

KLIaN[_
(ωj(x))j=1,...,Nc
eh["\^LbP)[^lyaZ\^ely`ln¢D\^LNP#¢¯lyl7e`be`bP_wyd{[]YZ[]\^P_O 


φ(0) φ(‖a1 − a2‖) . . . φ(‖a1 − aNc‖)
φ(‖a2 − a1‖) φ(0) . . . φ(‖a2 − aNc‖)
. . . . . . . . . . . .
φ(‖aNc − a1‖) φ(‖aNc − a2‖) . . . φ(0)





ω1(x)
ω2(x)
. . .
ωNc(x)



=



J (x, W (x, a1))
J (x, W (x, a2))
. . .
J (x, W (x, aNc))



.
ÇN

KLbP7Own\^dfe ²ly¢\fLbP{[^YI[]\^P_O/eh[lyI¥IeliaN[^Y)[^YIOOP \^dfe|y  \keh[kwnh[^lxJli[^e\^e¥yP¬¶zZPN`be\^Pe ¢J\^LNP{v W YN[k| P `<\^P_df[
(aj)j=1,...,Nc
wyd^P
zZeh[]\^e`N|°\}  `bP|_wn``bln\fe| PS\fLNw\e \7eh[w)¢¯ab Ow\fd^e²  5Sl P_¥yP_d_ie \%["zbeOP `[]ely`
Nc
eh[ a[]aNwyYOlZzZP d%w\fPSe`xbd%wy|\^eh|Pwn`Nz
e\f[e`<¥iP d%[]ely`¨eh[ `bln\\^eOP| ly`N[^abOe`NN#KLbPrwn\]\^P_`IaNw\feli`¨¢Çwy|\^lyd
s
| wy`Plyxb\^eOe P}zlid zZP \^P dfOe`NP_zP ²ZxP_d^eOP `<\fwyY
IY:\fLbPaN[^P d}'Yblyd\fLbPxbdfP_[^P `<\{[o\faNzZYiI\^LbPP_OxNedfe|_wn>¢¯lid^Orabweh[7wyzZlixZ\^P}z3 i/ 
s = dmax(MNc)
− 1
M ,
Ç< 

7LbP_d^P
M
eh[ \^LbP`IabOJP dln¢lyxJP d%w\^e`b|ly`zZe \feli`N["ab`NzZP_d7|ly`[]ehzZP d%w\feli`
a = (am)m=1,...,M
wn`z
dmax
\fLbP Own²IeOaNO
zZeh[]\fwn`|PJP\o"P P `ªv W YN[S|P `<\fP d%[ 
Kld^P_xbdfP_[^P `<\ \fLbP| li[]\"¢¯aN`N|°\feli`¨¥³wyd^ehwnNee \oY
aN[]e`b\^LNe[{\^P_|%LN`beg<abPiN[^lyOP|li[]\7¢¯ab`N|\^ely`ªP ¥wyaNwn\^ely`N[7wyd^P#dfP_g<abed^P}z 
\fLNw\ | lydfd^P}[]xJly`z\^l#\fLbP{v W YN[±|P `<\fP d%[
(aj)j=1,...,Nc
KLbP_[^PP ¥wnaNwn\^ely`N[[^LblyaNzJP{lZ|_w\^P}ze`w#d^P_yely`r\^LNwn\±zZP xJP `zb[
li`\fLbP)j  Y
ρA
"KLbeh[7xlie`<\S7e®PrzZe[f|a[^[^P_z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∂W
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+
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+
∂F3(W )
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wndfP\^LbP|ly`[]P_d^¥w\fe¥iP #l/¥wndfewybP_[
(ρ, ρu, ρv, ρw, E)
7e\^L
ρ
\fLbP:zZP_`N[]e\oYy −→
U = (u, v, w)
\^LbP¥iP lI| e \oY
¥iP_|°\flyd7wn`z
E
\^LbP#\fln\%wn>P `bP_d^iYxP_d7ab`be\{ln¢D¥ylyabOPy −→
F = (F1(W ), F2(W ), F3(W ))
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F1(W ) =


ρu
ρu2 + p
ρuv
ρuw
u(E + p)


F2(W ) =


ρv
ρuv
ρv2 + p
ρvw
v(E + p)


F3(W ) =


ρw
ρuw
ρvw
ρw2 + p
w(E + p)


.
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si
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∂Wi
∂t
+
∑
j∈N(i)
Φ(Wi, Wj ,
−→σ ij) = 0,
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Φ(Wi, Wj ,
−→σ ij) =
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F (Wi) +
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F (Wj)
2
· −→σ ij − |AR(Wi, Wj ,
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∆t
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